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Abstract. We consider dynamical systems given by interval maps with 
a finite number of turning points (including critical points, discontinu- 
ities) possibly of different critical orders from two sides. If such a map 
/ is continuous and piecewise C 2 , satisfying negative Schwarzian deriv- 
ative and some summability conditions on the growth of derivatives and 
recurrence along the turning orbits, then / has finitely many attractors 
whose union of basins of attraction has total probability, and each at- 
tractor supports an absolutely continuous invariant probability measure 
/j,. Over each attractor there exists a renormalization (f m ,n) that is 
exact, and the rates of mixing (decay of correlations) are strongly re- 
lated to the rates of growth of the derivatives and recurrence along the 
turning orbits in the attractors. We also give a sufficient condition for 
(/ m ,/i) to satisfy the Central Limit Theorem. In some sense, we give a 
fairly complete global picture of the dynamics of such maps. Similarly, 
we can get similar statistical properties for interval maps with critical 
points and discontinuities under some more assumptions. 



1. Introduction and statement of results 

1.1. Introduction. In the last three decades, many results on statistical 
properties were obtained for iterations of one dimensional maps, for exam- 
ple the existence of absolutely continuous invariant probability measures 
(acip for short), the decay of correlations and the Central Limit Theorem. 
Various conditions have been shown to guarantee the existence of acip and 
corresponding statistical properties. In the area of interval maps with turn- 
ing points (including critical points, discontinuities), these results generally 
require more restriction on the turning points, for example the critical or- 
ders of each turning point from two sides are equal in the continuous cases, 
and positive Lyapunov exponents at the critical values and the recurrence 
of turning point are sub-exponential in the discontinuous cases. 

Our aim in this paper is to obtain the same conclusion but relax as much 
as possible the conditions on the orbit of the critical points, to include in 
particular cases in which the growth of derivatives may be sub-exponential 
and/or the recurrence of the turning points exponential, or the critical orders 
of turning points from both sides do not equal. More precisely, we will show 
the existence and finiteness of the number of acip for a general map under 
two summability conditions on the growth of derivatives and recurrence 
along the turning points, and study its statistical properties such as decay 
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of correlations and the Central Limit Theorem. In these processes, we give 
a complete global picture of the dynamics from a probabilistic perspective. 

1.2. Dynamical assumption. We now give the precise statement of our 
assumption. Let A denote the class of the interval map satisfying the condi- 
tions formulated in Subsections 1.2.1-1.2.2 below. Denote A\ as continuous 
maps in A and A2 as discontinuous maps in A respectively. 

1.2.1. Critical set. Let M be a compact interval [0, 1] and / : M — > M 
be a piecewise C 2 map. This means that there exists a finite set C such 
that / is C 2 and a diffeomorphism on each component of M \ C, and / 
admits a continuous extension to the boundary so that both the left and 
the right limits /(c±) = lim x ^ c ± f(x) exist. We regard each c G C as two 
points: c+, c— , the concrete values depend on the corresponding one-side 
neighborhoods. We assume that each c G C has a one-side critical order 
/(c±) G [l,oo), this means that 

« |x - c| i(c±) -\ |/(x)-/(c±)| « |x - c| i(c±) , and |£> 2 /(^)l « |s - c| Z(c±) " 2 

for x in the corresponding one-side neighborhood of c, where we say / ~ g 
if the ratio j jg is bounded above and below uniformly in its domain. When 
we use the notion 1(c), it may be either l(c+) or l(c— ). If /(c) = 1, c is a 
bound derivative point, and if 1(c) > 1 we say that c is a critical point. Note 
that c may be a critical point on one side and is a bound derivative point on 
the other side. When there is no possibility of confusion, each point c G C 
will be called a critical point without distinguishing whether c is really a 
critical point with 1(c) > 1, or c is a bounded derivative point with 1(c) = 1. 

We also assume that / is with negative Schwarzian derivative outside of C, 
i.e., \Df\~z is a convex function on each component of M\C. In particular, 
if / is continuous, and the critical orders with 1(c) > 1 are equal from two 
sides for each critical point, we can get rid of this assumption (but need to 
add a natural topological assumption that all period points are hyperbolic 
repelling) by a result of Kozlovski [15J (generalized to the multimodal setting 
by van Strien and Vargas [26]). 

1.2.2. Summability conditions. We suppose / satisfies the following summa- 
bility conditions along the critical orbits. The first summability condition 
is 



(1) > ;,s <°o, vcgc, 

^ V(c)-cf (c W n (/(c))K 

where c is the critical point closest to f n (c), and /(c), 1(c) depend on the cor- 
responding one-side neighborhoods, and the second summability condition 
is 

~ 1 vm 

One of the most simplest example satisfying the above conditions is the 
contracting Lorenz maps considered in [20] and [23], which motivated by 
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the study of the return map of the Lorenz equations near classical param- 
eter values. Notice that above summability conditions are satisfied if the 
derivative is growing exponentially fast and the recurrence is not faster than 
exponential in the sense that for each critical point c G C, \Df n (f(c))\ > A n , 
for some A > 1, and |/ n_1 (/(c)) — C\ > e~ an for some a small enough, for 
all n > 1. 

Remark 1. According to the first summability condition, critical points of 
f E A are not on the forward orbits of the critical set, i.e., Cnu„>i/"(C) = 
0. It is easy to see that if all of the critical orders are equal, one can get rid 
of the recurrence condition containing in the first summability condition. 

1.3. Statement of results. In a previous paper, we have shown the fol- 
lowing theorem under some weaker summability conditions, 

Theorem 1. |lUj If f satisfies assumption in Subsection 1.2.1 and summa- 
bility condition (TJJ) ; and the following summability condition 



E 

71=1 



|/n (c) _ g p) ,V«c) 



\fn(c)-c\W\Dfn(f( c ))\ 



< oo, Vc e C, 



then f admits an acip. Furthermore, if Z max > 1, then its density is in L p 
for all 1 < p < t * ma * ; where Z max is the maximum of the orders of the 
critical points. 

In this paper, we will consider the general properties of acip, including 
the finiteness of acip, the support of each acip and its properties (decay 
of correlations, Central Limit theorem). In general, if / has many turning 
points, the acip \i need not to be unique and not Lebesgue ergodic (note that 
unimodal maps with negative Schwarzian derivative and equal critical orders 
from both sides are ergodic with respect to Lebsegue measure). If / E A\ , 
then we can choose the minimal cycle (see Section 3) of /, show that there 
exists a unique acip support on the minimal cycle and the renormalization 
f m of / corresponding the minimal cycle is exact, hence (f m , n) is mixing 
and ergodic. So it is natural to estimate the rates of mixing, quantified 
through the correlation functions 

C„(/ m ,/x) := | J (ipoD^df,- j tpdv j v<H 

where <p and ip are respectively bounded and Holder continuous functions 
on the minimal cycle. 

Another important characterization of /U is by Central Limit Theorem, 
which describes the oscillations of finite averages ~ Y^j=o ( x )) around 
the expect value J ipd^x. We say that (/ m ,/x) satisfies the Central Limit 
Theorem if given a Holder continuous functions ip which is not coboundary 
(jp -0 o / — tp for any 0), then there exists a > such that for any interval 
ICR, 



J Tt 1 n n 2 

\x\ x G M; (—= ipo(p(x))— / ipd^j) £/>—>■ — == / e^^dt, as n — > oo. 

1 V ra J^ J J CTV27T Ji 
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We shall state the results in this paper. Write 

(3) 7n (c) :=min(( lJ { , , 1 ) , ^) Vc G C, 

(4) d n (c) := min(— |^L) lA(C) |r(c) - cf ( ^ (c) , Vc G C. 

Kn \Dp(f(c))\ 

By the first summability condition and elementary calculations, we have 
d n (c) < 7n-i(c)- 

Theorem 2. Zei / G A\, then there exists at least one and at most jJC dif- 
ferent ergodic acips 1 < i < N. These measures are support on minimal 
cycles of intervals with pairwise disjoint interiors. Over each such cycles 
there exists a renormalization (/ m S/Uj) that is exact. For a fixed minimal 
cycle with critical point C c , the corresponding renormalization (/ m ,/x) is 
mixing with the following rates: 

Polynomial case: If d n (c) < Cn~ a , a > 1, C > for all c G C c and 
n > 1, then for each a < a — 1, there exists C > such that 

C n (f m ,li) < Cn- & . 

Stretched exponential case: If 7 ra (c) < Ce~^ n ", C > 0, a G (0, 1) ; (3 > 
for all c G C c and n > 1, then for each a G (0, a) there exist (3, C > such 
that 

C n {f m ^)<Ce-'^. 

Exponential case: If ^ n (c) < Ce~^ n , (3 > for all c G C c and n > 1, then 
there exist f3,C > such that 

C n (f m , f i)<Ce-^. 

If d n (c) < Cn~ a , C > 0, a > 2 for c G C c and n > 1, then (/ m ,/i) 
satisfies the Central Limit theorem. If Z max > 1 for critical point in the 
minimal cycle, then the density of fi is IP for all 1 < p < ^ * ma * 1 . The union 
of the basin B(ni) has full probability measure in the interval M . 

For a map / G A2, we suppose / satisfies the following 
Density of preimages: There exists c G C whose preimages are dense 
in some J* G M, where J* is a union of intervals and satisfies /(</*) = J*. 

Remark 2. The interval J* plays the same role to the notation of the 
minimal cycle in the continuous case. 

Theorem 3. Let f G A2 and satisfies the assumption of density of preim- 
ages. Then f has an acip fi, and there exists an integer k > 1 such that 
(f k ,fi) is exact. For Holder continuous functions if, tp, {f k ,n) is mixing 
with the following rates: 

Polynomial case: If d n (c) < Cn~ a , a > 1, C > for c G J* and n > 1, 
then for each a < a — 1, there exists C > such that 

C n (f k ,fi)<Cn- & . 
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Stretched exponential case: If 7 n (c) < Ce , C > 0, a G (0, 1), j3 > 
/or c G J* and n > 1, i/ien /or eac/i a G (0, a) i/iere exist f3, C > suc/i i/iai 

C7 n (/ fe ,u)<cV^. 

Exponential case: If~f n (c) < Ce -13 ™ 1 , C > 0, /3 > /or c G J* and n > 1, 
i/ien i/iere exisi /3, C > suc/i i/iai 

If d n (c) < Cn~ a , C > 0, a > 2 for c G J* and n > 1, then (/ fc ,u) 
satisfies the Central Limit theorem. If Z max > 1 for all critical points in J* , 
then the density of a is LP for all 1 < p < , ^ max -, . 

'max 1 

1.4. Comments on results. The story about the existence of acip of inter- 
val maps has a long history, see [T7] and reference therein for a comprehensive 
survey. Quit general conditions are known to guarantee the existence of acip 
for uniformly expanding maps, for smooth maps with critical points (for S- 
unimodal maps satisfying Collect-Eckmann condition in [9] and Nowicki-van 
Strien condition in [23], and for multimodal maps under the most general 
condition in this setting [5] recently), for interval maps with critical points 
and singularities under summability conditions in [1] recently, for smooth 
maps with a countable number of critical point in [2]. Notice that the results 
on the smooth case use weaker assumptions than the case of interval maps 
with critical points and discontinuities, an observation is that we only con- 
sider the derivatives of the critical value on the smooth case O [5] , while we 
should need the assumption that the recurrence of the critical point is not 
increasing rapidly for interval maps with critical points and discontinuities. 
On the other hand, the results on the existence of acip in smooth case need 
an assumption that the critical orders of each critical point should equal 
from two sides in general. 

The results regarding decay of correlations and the Central Limit Theorem 
for the unimodal maps with same critical orders were proved in [27\ [T4] . In 
|27j , Young considered quadratic maps satisfying Collect-Eckmann condition 
and critical recurrence at a sufficiently slow exponential rate, and proved 
that such maps have exponential decay of correlations and satisfy the Central 
Limit Theorem. Independently, Keller and Nowicki p3] obtained the same 
results for S-unimodal maps (with same critical orders) satisfying only the 
Collet-Eckmann condition. Later, in [4J, Bruin et.al considered multimodal 
maps (with the same critical orders for all critical points and 1(c) > 1, Vc G 

C, note not only from both sides), obtained the same results to Theorem 2 

i 

under the summability condition X^^Lo \Df n {f{c))\ 2i < c ' _1 < oo. Moreover, 
the construction in that paper made it possible to show a direct link between 
the rate of decay of correlations and the rate of growth of \Df n (f(c))\. 
Cedervall [S] considered the interval maps with critical points ( 1(c) > 2, 
critical orders may not equal, but need the critical orders of each critical 
point are equal from two sides) under the assumption the Collet-Eckmann 
condition and subexponential recurrence conditions, and proved that such 
maps have finite number of acips, and exponential decay of correlations and 
the Central Limit Theorem. For the contracting Lorenz map / satisfying 
|£>/ n (/(c±))| > A", for each n > 1 and some A > 1, and \f n ~ 1 (f(c±))-c\ > 
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e -an £ or some a g ma ll enough, and for all n > 1, it was shown that / admits 
an acip which has exponential decay of correlations in |20| . 

For interval maps with critical points and singularities, it was obtained 
exponential decay of correlations and Central Limit Theorem, but need more 
additional assumptions in [12l QT1 HB] ■ Observe that the decay of correlations 
and Central Limit Theorem hold for non-Holder observables in [11] [18] . 

Note that in the unimodal cases (continuous) with same critical orders 
from two sides, \Df n (f(c))\ > Ce Xn ,C > 0, A > if and only if there is a 
renormalizaiton f n with exponential decay of correlations [22] . We are not 
sure whether it holds for unidmodal maps with different orders from two 
sides, but according Theorem 2, we can get that if the unique critical point 
satisfies 7 n (c) < Ce~^ n for C > and j3 > 0, then there is a renormalizaiton 
f n with exponential decay of correlations. 

If < 1(c) < 1, c is called a singular point. Since the negative Schwarzian 
derivative condition rules out the existence of singularities, once one can get 
rid of the negative Schwarzian derivative condition, the results in this paper 
may easily generalized to interval maps with critical points and singularities. 

2. Ideas and organization of the proof 

To obtain decay of correlations and the Central Limit Theorem of interval 
maps, a useful technique is based on Frobenius-Perron operator or transfer 
operator. Exponential decay corresponds to a gap in the spectrum of this 
operator, various technique has been developed for proving the existence of 
this gap. For example, in [16J, it was shown that the Frobenius-Perron oper- 
ator is contracting with respect to Hilbert metric on defined cones of density 
functions for an expanding map. Another powerful tool was proposed by 
Young in [28j[29j. She has shown that for an induced Markov map, the up- 
bound of the decay of correlations are strongly related to the tail estimates 
of the inducing time. Notice the method in [28] [29] could capture mixing 
rates that are slower than exponential rates. 

Our strategy is to apply the results of Young in [29], so it is crucial 
for us to construct an induced Markov map based on the general maps we 
considered. Induced Markov map has been constructed before for unimodal 
maps with equal critical orders and satisfying Collet-Eckmann condition, for 
multimodal maps with equal critical orders (not only from two sides) and the 
summabilty condition \D f n (f(c))\~ 1 ^ 2l ^ c ^ 1 ^ < oo for any c & C [I], for 
multimodal maps with critical points (1(c) > 2 critical orders may not equal, 
but need the critical orders of each critical point from two sides are equal) 
under the assumption the Collet-Eckmann condition and sub exponential 
recurrence conditions [8j. Observed that all the critical orders are equal 
(from both sides) is necessary in the construction in [4j[8j. 

In order to carry out almost the same construction [1] of an induced 
Markov map with corresponding estimates when the critical points are al- 
lowed to have different orders from two sides, we need do some modifications. 
Firstly, we need a new definition of binding period, which involves the re- 
currence of the critical points, see the details of the proof on Lemma [5] in 
Section 3. Secondly, we shall prove the nonexistence of wandering intervals 
and backward bound contraction property (BBC) for maps in A, but we 
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have shown these results under a weaker condition in [TU] for interval maps 
without singularities, recently. 

The structure of the paper is as follows. In Section 3, for / G Ai, we iden- 
tify the topological attractor and metric attractor, and consider the intervals 
in the attractor. We use a binding argument to obtain some estimations of 
growth in terms of the derivative and recurrence along the appropriate crit- 
ical orbits. Similarly, we derived the same estimates for / E A2 on J*. In 
Section 4, for / £ Ai, we choose any interval J in the minimal cycle, and 
construct an induced Markov map on J which has uniformly distortion and 
of the image bounded below on each element of the partition of J. Then we 
give the induced time estimates. In Section 5, we construct a full Markov 
map for an appropriate interval based on the induced map constructed in 
Section 4. We also state some estimates about this full Markov map. In 
Section 6, we apply Young's result and present the proof of Theorem 2 and 
Theorem 3. For readers who are familiar to the construction in [4], they can 
skip Sections 4,5, except the proof of Lemma [9j 

3. Notations and some estimates 

For / G Ai, we will identify the attractors of / which be both topological 
and metric in this Section, then we shall restrict / to the attractors. For 
/ € A2, we restrict / to the interval J* directly. Taking a small interval in 
the each attractor (or J*), we use a binding argument to obtain estimates in 
terms of the derivatives and recurrence along the appropriate critical orbit. 
Similar argument have been applied before by Jakobson |13| and Benedicks 
and Carleson [3] under the strong conditions on Df n (f(c)) and on the re- 
currence along the critical orbit. The way we defined here is imitated on [4], 
but [4] only consider the growth of Df n (f(c)) in the definition of the bind- 
ing period, without the assumption on the rate of recurrence. However, our 
definition of binding period relates the recurrence of / n (c), then it is useful 
to tackle the case that the critical points have different orders (including 
different orders from both sides). This is the main point of this work. 

A point is called a period point if f n (x) = x for integer n > 0, it is 
attracting if its basin include a interior. A general notation of period orbit 
is the cycle of interval, if J C M is a nontrivial closed interval for which 
there exists a positive integer n such that f n (J) C J and n is the least such 
integer, we call the set U™ =0 /*(J) a cycle of intervals for / with period n. 
If the interiors of intervals in the cycle are pairwise disjoint we say that the 
cycle is proper. If a cycle contains no small cycle, we say it is minimal. If / 
has a proper cycle Uf =0 f l (J), define g : M — > M by g = A -1 o/"oA, where 
A is an affine transformation from M onto J. We say g is a renormalization 
of/. 

The following Lemma collects some basic properties of proper cycle and 
minimal cycle for continuous maps on M. 

Lemma 1. Let f be a continuous map on M , then we have the following 
statements: 

(1) the minimal cycle is a proper cycle, 

(2) minimal cycles ether coincide or have disjoint interiors. 
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Proof. These follow from the definition of the proper cycle and the minimal 
cycle immediately. □ 

Proposition 1. If f is a map in Ai, then f has finite renormalizations, 
and f has at least one and at most jJC minimal cycles. Moreover, Uj=o/~ l (c) 
for each c in the minimal cycle is dense in the corresponding minimal cycle. 

Proof. At first, since / satisfies some summability conditions and negative 
Schwarzian derivative, / has no attracting or neutral periodic orbits by 
Singer's Theorem |25j. On the other hand, / has no wandering interval by 
|10j . thus from the contraction principle, there exists S > such that for 
any interval J £ M with |J| > 0, there exists Nj > such that we have 
f n (J) > d~ for n > Nj, Hence all intervals constituting a cycle have the 
length greater than 5, this implies that the period of any proper cycle is 
bound by . Thus / has a finite number of renormalizations. 

Next, we suppose that all intervals in a cycle U£_g/ l (J) don't contain a 
turning point of / in its interior, then f n or f 2n is monotone increasing 
and continuous on J, and f n (J) C J or f 2n (J) C J, this contradicts / 
has no attracting or neutral period orbits, then / has at most jJC minimal 
cycles. On the other hand, if M is not a minimal cycle of period one, by 
the finiteness of proper cycles, then there is a cycle could contain no small 
cycle, i.e., this is a minimal cycle. 

Finally, we consider a minimal cycle U" =0 /*(J), c is a critical point in 
U™ = q /*(«/). Because / has no wandering interval, and has no attracting and 
neutral periodic orbits, / has no homterval. Therefore, any small interval in 
the cycle will eventually visit the critical point in the cycle. If the preimages 
of c isn't dense in the minimal cycle, we can find a cycle smaller the minimal 
cycle, this would induce a contradiction. 

□ 

For / 6 Ai and each minimal cycle X := U^ / l (J) with period m, 
denote C c G C as critical set in X, we will consider the subsystem (X, f m ). 
For / 6 A%, we consider the subsystem (J*,/) directly, denote C c £ C as 
critical set in J* too. 

For x £ X or x £ J*, let c be the critical point closest to x, Given a 
critical neighborhood A of C c , we define the binding period as follows, 

(5) 

'max{p;|/ fe (x)-/ fc (c)| < lk {c)\f k (c) - C\, l<A:<p-l} x £ A, 
x 4 A. 



p(x) :- 



The size of the critical neighborhood A depends on the following Lemmas. 

Lemma 2. (BBC property) Let f £ A, then there exists K > such that 
for all So > there exist < 5 < 5o, As = U ce c(c — 5, c+S), for each x £ M 
we have 

(6) \Df n (x)\ > K, where n = mm{i > 0; f{x) £ A s }. 

Proof. See Theorem C in [10 . □ 

Remark 3. In fact, BBC holds for maps satisfying a weaker condition than 
A [10j . For symmetric unimodal maps with negative Schwarzian derivative, 
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BBC holds [21]. For the multimodal case which be with the same critical 
orders of all critical points and an increasing condition 

lim \Df n (f(c))\ =00, VcGC, 
n— too 

it was shown in [7\. 

Lemma 3. (Uniformly expanding outside of As) Let f G A, there exist 
C(5) > and \$ > such that for x, f(x), . . . , f n ^ 1 (x) ^ As, then 

(7) \Df n (x)\ > C(5)e x * n . 

Proof. Since / G A, all the periodic orbits of / arc repelling |25j. We can 
define a new map / such that / is C 2 in and has no change with / 
outside of , then the above is a consequence of Mane theorem [19] . □ 

Lemma 4. Suppose G p > and ^2 p G p < 00, then for any C > there 
exists po > such that 

(8) E E IIc^<i 

S >1 (pi,...,Ps)a.ndpi>po Pi 

Proof See 0]. □ 

For each c G C c or c G J*, let A := U cg c c or J*(c — 5, c + J), := 
p(c + 5) or p(c — 5) depending the neighborhood we consider. Note that 
PS — > 00 as 5 — > 0. Using Lemmas [2JE1H]) and the summability of 7 n (c) for 
each c, we can fix at this moment and for the rest of the paper 5 so small 
that 

(1) BBC holds and uniformly expanding outside of A, 

(2) £ s >i E( Pl ,..., Ps ) and Pl > Ps n Pl Cl Pl (c) < 1 for all c€C c orJ*, where ( is 
a constant which depends only the map itself and will be specified explicitly 
in the proof, see the proof of Lemma [9) 

The following Lemma gives an estimation of derivative growth for points 
in A. 

Lemma 5. Let f G A, denote L p := {2; p{x) = p}, and for each critical 
point c G C c (or J*), put DF p (c) := mm{\Df p (x)\; x G L p n A}, then there 
exists constant K\ > such that 

(9) DF p (c)>K l7p \c). 

Proof. For any interval B G M and integer n > 1, let Bj = f 3 {B) for 
j = 0, ...,n and define the generalized distortion: 

This definition and the mean value theorem imply 

Dfjxj) DfUj) DfUtj) Df 2 (tj) (r _ * 

muii) Dffa) ' />/(//,) [j yj) 

where £j G (xj ,yj), and 

^ sup B . \D 2 f\ 

(10) Diri B)<Uil + 1 ^^\B j \). 
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We start by considering the points in A, for any x G I p n A, c is the 
closest critical point to x. 

Claim: There exists a positive constant K independent of x such that 
for any 1 < k < p(x) — 1, then 

D(f\[f(x)J(c)})<K. 

Indeed, put Bq = [x, c] and Bj = f 3 {Bo), and denote d(Bj) = dist(Bj,C), 
from the definition of binding period, and 7j(c) < ^ for every 1 < j < 
p(x) — 1, we have 

1^1 < \f(x)-f j (c)\ 



(n) d(B 3 ) ~ \p(c)-C\-\p(c)-p(x)\ 

- (l-7,(c))|p'(c)-C| l-Tjic)-" 7 '™- 
By the orders of the critical points, we obtain that 

1^/(^)1 sup Bj \D"f\ K ? 



», \Df(y 3 )\ inf Bj \Df\ ~ diBjY 

where K\ is a constant from the orders of the critical point. Combining ([10 
and ([TT]) we have 

D(/ , B0 <n (1+ijSLj ^M, Bj |) 

l-B 1 



^ ri( i + K "i(w^ ^ u {i + ^iW). 

.7 = 1 .7=1 



Using the inequality ln(l + x) < x, and the summability of 7j(c), we obtain 
the uniform bound of the general distortion D(f k ,B\). The Claim follows. 
Using the above Claim, we have 

\Df*(x)\ = \Dr-\f(x))\\Df(x)\ > ^\Df-\f{c))\\x - c^- 1 

> KK^lDr-^ficMfix) - /( c )|(^)-i)/<( C ). 

On the other hand, by the mean value theorem and the definition of the 
binding period, we obtain 

K\DfP-\f(c))\\f(x)-f(c)\ > \fP(x)-fP(c)\> lp (c)\fnc)-C\. 
So it concludes that \f(x)-f(c)\> ^0^3r\ ■ Therefore, 

\Dnx)\ > KK^i MM^L-l ) \DF-\f{c))\. 

From the orders of the critical points, we can assume that \Df(f p (c))\ < 
Ki\f p {c) — cp 5 ' -1 , where c is the closest critical point to f n (c). Put K\ = 
KKi 1 / 1 ^, we have 
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(12) 

\Df p (x)\ > ^(c^lDfP-^fic^lPic) -c|W|/P( c ) -cfW 1 

> K llp (c) l -^\Dfr(f( c ))\m\fP(c) -cfwr 1 = K llp \c). 

The proof of Lemma is complete. □ 

4. The construction of the induce map 

Our aim in this Section is to construct a countable partition P of an 
interval J into open intervals, define an inducing time function r : P —> N 
which is constant on elements of P, and let F : P — )■ M, denote the induce 
map by 

We will show this induce map has uniformly bounded distortion and its im- 
age has bounded below on each element of P. We will give the corresponding 
estimates about the induce time in the last Subsection. This construction 
is essentially indented to that of [1] , we will use the estimates without proof 
if these estimates will not effect by the difference of the critical orders from 
two sides. More precisely, it is the following, 

Proposition 2. Let f G A\, then there exists 5' > such that for all 5" > 
the following properties hold. For an arbitrary interval J C X with \J\ > 
5" , there exists a countable partition P of J and an induced time function 
p : P — > N constant on each element w of P, such that the induced map 
F = fP( x \x) has uniformly bounded distortion and \ F(w)\ = \f^ w \w)\ > 5' . 
Moreover, it satisfies the following estimates. 

(1) ' (Summability induced time) 

^Z\{P > n\J}\ < oo. 

n 

(2) (Polynomial inducing time) If d n (c) < Cn~ a , C > 0, a > 1 for all 
c 6 C c and n > 1, then there exists C > such that 

\{p > n\ J} | < Cn~ a . 

(3) (Stretched exponential case) If 7 n (c) < Ce"^"", C > 0, a G (0,1), 
P > for all c £ C c and n > 1, then for each a £ (0, a), there exist (3, C > 
such that 

\{p>n\J}\ <Ce-? n& . 

(4) (Exponential case) If J n (c) < Ce~^ n , C > 0, /3 > for all c G C c and 
n > 1, then there exist /3, C > such that 

\{p > n\J}\ < Ce~P n . 

At first, we clarify the role of the constant and some notations in the 

above Proposition. Let Ai = U c6 c c (c — |, c + f ), using a result in plJj, i.e., 

i 

for any Borel set A, there exists C > such that \f~ n {A)\ < C\A\ 'max , then 
there exists 5' > such that for each component w G Ai\C c and each n > 0, 
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\f n (w)\ > J'Q- We also suppose 8' < |, where 5 is a constant we have fixed 
in previous Section. 6" is a constant to be fixed in next section. We denote 
\{p > n\ J} | by the conditional probability 

\{x G J;p{x) > n}\ 
\J\ ' 

4.1. The construction of the induced map F. Denote Ai = U c <=c c (c — 

|, c + §) as above. For any interval J with \ J\ > 5" , we subdivide J by the 
I p ,p > 0. For each subinterval w = I p n J, let 

i/i = min{n > 0; f n (w) n Ai / 0}, 

be the first visit of w to Ai, denote w = f Ul {w), we distinguish two cases: 

(1) . < 5' , we subdivide w with the elements {ip}. Each interval I p C\w 
for p > is labeled as deep return. Notice that by the choice of 5', each 
return in this case is a deep return. 

(2) . | iZ> | > 5' , we cut off two side intervals of length e from w, where e 
is a small parameter to be fixed (see Lemma [9]). The middle part is called 
the large scale, add the sub interval wq C w to the partition that f Vl (wo) 
is equals to this middle part of w, and stop to work on this middle part. 
Suppose that w± are the two pieces of length e that are cut off, we subdivide 
w± further by the elements in {Ip}. Each interval I p Dwzt for p > is labeled 
as deep return, Iq n w± is labeled as shallow return. 

Let w' be a partition interval by {I p } in w which has not reached the 
large scale, denote the binding period by p(w'), let 

u 2 = U! + min{n > p(w'); f n (w') n Ai ^ 0}. 

Then we subdivide f U2 ~ ul {w') according above rules, stop until some parts 
reach the large scale. Notice that we have applied binding period (if exist) 
time iteration to guarantee expansion after each return time if it has not 
reach large scale. 

We then construct inductively a sequence of partitions P n by only con- 
sidering at most n iterates, denote P by the partition of J by considering 
all iterates of /. 

Let x € w where the above algorithm eventually stops, then there exists 
n > such that x G P n , denote the stopping time by Pj(x) = n, otherwise, 
set Pj(x) = oo. 

Let J = {x G J; Pj{x) < oo}, we have defined the induced map 
Fj:J^ M, Fj(x) =f p 'V*(x). 

In next subsection we will show J is a partition of J up to a set of zero 
Lebesgue measure, and give the corresponding estimates of Fj, but now we 
first want to know the structure of J. Given an interval w in some partition 
P n ,n > 0, we associated it with a sequence 

iyuPi), (u2,p 2 ),..., (u s ,Ps), 



In fact, it suffices to choose 5' so that f % {w) > 5' for each w G Ai\C c and < i < n = 
min{fe; Int(f'(w)) D C =fi 0}, where Int(f l (w) is the interior point of f l (w). 
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where Ui, 1 < i < s is the return times to Ai, pi is the corresponding periods, 
and s is the maximum integer such that v s < n. If w is an interval on which 
(vitPi), (1^2,^2), ■■■ , { v j-iiPj-l)i is fixed and Uj is the next return, then 
{x G w;p(f Uj x) = p} has at most 4 components. This maximum is attained 
when \f Uj (w)\ > (5, and the outmost intervals of length of e contain a critical 
point and pj is big enough. 

Notice that the corresponding sequence (vi,px), (^2,^2), ••• , (^sjPs) 
contains information about the iterations of / on w, although many se- 
quences don't correspond to partition intervals. For a given sequence 
(vi,pi), (v 2 ,P2),-->, (v s ,Ps), let 

Sd '■= {i < s; Ui is a deep return} = {i < s; pi > 0}, 
S s '■= {i < s; Vi is a shallow return} = {i < s; pi = 0}, 
S s>s := {i < s; pi = and p i+ i = 0}. 

4.2. Important estimates. 

Lemma 6. There exists K e > such that for all w G P, the distortion of 
Fj\ w is bounded by K e . 

Proof. Let w G P n , then f n (w) has reached large scale. By the construction 
of the induced map, there is an interval T D w such that f n (T) is a e-scaled 
neighborhood of f n (w), i.e.,\f n (T) \ f n (w)\ > e\f n (w)\. On the other hand, 
it is easy to see that f n is a diffeomorphism on T. Using the Koebe principle, 
we can obtain the result. □ 

For a given sequence (ui,pi), (^2,^2)5 • • • > (^s,Ps), the following Lemma 
contains an important metric estimation of the length of the corresponding 
interval. 

Lemma 7. Let C = C(|) and A = A^/ 2 be as in Lemma\^ and K be con- 
stant in Lemma\M There exist Kq > independent of e and p G (0, 1) with 
the following properties. For a given sequence (fi,pi), (^2, P2) ••• , (v s ,Ps) 
with v s < n, the corresponding interval u! piP2t ,,^p g G P n , we have 

ies d 

for m = max{n, v s +p s }. And p — > as e — > 0. Moreover there exists T > 
which can be chosen arbitrarily large if e is small, such that z^+i — fi >T 
whenever pi = pi + \ = 0. 

Proof. See the proof of Lemma 3.2 in [3]. □ 

4.3. Induced time estimates. The aim of this subsection is to estimate 
the tail behaviors of the induced time function P, i.e., the estimation of 
{x G J;p(x) > n}. 

We fixed n for the rest of this subsection. Let n > be a small constant to 
be determined in Lemma El we can divide the elements in P n with p\ w > n 
into two parts 



\f m (w PlP2 ,.., Ps )\ 



P' n = {w G P n ;p\ w > n,^pi < nn}, 



=1 
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s 

P" = {w G P n ;p\ w > n, J ^2p i > rjn}. 

8=1 

Then we have 

\{p > n}\ = \ w \ + H- 

w&P^ weP" 

To treat the exponential and stretched exponential cases, we subdivide 
P% further into 

PL = {*> e Pi s < pn & }, P'; + = {w G J*', S > pn & }, 

where a G (0, 1] and p > are constants to be fixed below. 

Intuitively, pi, p% , . . . , p s in P' n is small, then the elements in P' n spend 
much time in X \ A. Thus we can use Lemma [3] to get exponential rate 
of decay of P' n . For elements in P%, they spend much time in A, then the 
estimations of P% relate closely to the property of the critical point. So we 
obtain the estimations of P£ by using Lemma [2] and Lemma [7] under the 
assumption of the rates of decay of 7n(c). 

Lemma 8. For any 6 > there exists tjq > such that for all < rj < r]Q 
and for n sufficiently large, 

£ \w\ < e~^ n . 

Proof. See the proof of Lemma 3.5 in [3]. □ 

Lemma 9. Fix L G {1, . . . ,n} arbitrary and let 

d n , s (c) ■= di(c) for i = max{[^],L}. 

Write s(w) = s if the associate sequence (fi,pi), (1^2, P2), ■ ■ ■ , {v s ,Ps) of w 
has length s. For any rj > there exists C\ > such that 

n 

\w\ < C\ max 2~ s d ntS (c). 

wΠ,s(w)>L " ° S=L 

Proof. (It suffices to take our definition of 7 n (c) and use the proof of Lemma 
3.6 in [3]. ) Given a sequence (1^1, pi), (^2,^2)) ••• > { u s,Ps)-> let py be the first 
return term such that py > Because p\ + P2 + • • • + p s > rjn, such f 

exists. Take j = max{L, j'}. 

Let Wp lP2 ,...,p a be the union of adjacent intervals u) piP2 ...p._ 1 p with common 
return times V\ y . . . , Uj and p > pj. Then maps w piP2t ___ jP . diffeomorphi- 
cally onto a interval (x,y) such that p(x),p(y) > py Assume without loss 
of generality that \x — c| > |j/ — c] and c is the closest critical point to /*(c), 
therefore for % < Pj, 

7i(c)\f(c) - c\ > \f(x) - f (c)| > Kpr- 1 (/(c))||/(a ; ) - /(c)| 

(13) >K\Dr\f{c))\\x-c\ 1 ^ 

\Df{f{c))\\x-c\ 1 ^ 



> KK, 
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where K is the constant in the proof of Lemma [5j This gives that 
7l (c)|f (c) - c\ m > KK^DfificMx - c\ 1 ^. 

Thus 

\x-y\<1\x-c\ < 2KK, (w ^^ M r C \m - cf ^ 

Since the above inequality holds for all i < pj, and by the definition of d Pj (c), 
we can obtain that 

\x-y\ < 2KK l d Pj {c) < 2KK { max d p (c) = 2KKid nJ (c). 

Let S s and Sd be shallow returns times and deep return times before the 
indices smaller than j, S' d := Sd\{j}, since f v i maps w PlP2i ... tPj diffeomor- 
phically onto an interval (x,y), and by Lemma [71 we have 

(14) 

n 

E H<£ E 

w&PX,s(w)>L j=Lpi,P2,-,Pj 



w Pl,—,Pj\ 



n K 1 



cgC c ' Jy ^ K J- J- DF V 

j=l pi,p2,—,Pj-i ies' d Ft 

On the other hand, by an element calculation, 



E «4 >E^^T E n 



K 1L DF V ~ K ^ J-J- KDF V 

pi,P2,---,Pj-i ies' d F% PuP2,-,Pj-i ieS' d v 

Notice that pi > pg for i G Sj, and we can take e so small that p < 1/8. 
Thus by Lemma H] and the choose of 5, we have 

e w* s -n^f. 

pi,P2,—,Pj>Ps ies' d Pl 

Therefore, take C\ = W24KiKi, the Lemma follows. □ 

To distinguish the exponential and stretched exponential case, we need 
the following Lemma. 

Lemma 10. Assume that there exist C, (3 > and a G (0,1] such that 
7n( c ) < Ce~ l3n ° : for all positive integer n and c G C c . Then for each a G 
(0, a) (or a = 1 if a = 1) there exist p, C, f3' such that 



£ \w\<C'e-P' n ° 



w£P%_ 

Proof. See the proof of Lemma 3.7 in [3]. □ 

Proof of Proposition 3.1 We first show that J has full measure in J. 
Because / has no wandering intervals [lOj . almost all x G J, f nk {x) — > C c as 
nfc — > oo. Hence x has infinitely many deep returns (if it has not reach large 
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scale), assume that x is contained in w pi Pa with arbitrary s. By Lemma 
[8] and Lemma [U we have 

\{x G J;p(x) = oo}| < lim V |^( pl ,..., Ps ) | = 0. 

(pi,...,Pa) 

By the construction of the induce map F, F is a diffeomorphism with uni- 
formly bounded distortion, and > 5' on any component w of J. 

Next we will show the estimates mentioned in the Proposition. Notice 
that we have exponential bounds for P' n by Lemma El so we only consider 
P% here. First observe that for each k there are at most 

k - 1 < rjn/2s 2 < k} < 2s 2 /rj 

numbers n such that k = [rjn/2s 2 ]. Therefore, using Lemma [9] with L = 1, 

EE rf v( C )<Ev rs E^( c )/i^'(/( c ))i) 1/i(c) i/ fc w-i i(£)/;(c) 

n>ls=l s>l ^ fc>l 

< — > y Tfe-i(c) < oo. 
77 z — ' 

' fc>l 

Hence 

^|p>n|J| = ^|P;| + ^|^|<oo. 

n n n 

For polynomial case, take L = 1 in Lemma[9j if 7 n (c) < Cn~ a , a > 1 for 
all c G C c , and n > 1, then 

n n 

< Ci max^ 2 _s (i niS (c) < Ci max 2~ s (i^ 1 (c) 

For the stretched exponential case, if 7 n (c) < Ce - ^" for all n and c G C c , 
using Lemma [9] and take L = pn a , we obtain 

n n 

< Cimax ^ 2~ s d n)S (c) < C\ max ^ 2 _s d[_2^.] (c) 

w^P^^_ s=pn a s=pn° i 

< d2- pn& maxC a (c) < de"^, 

CgC c 

where the third inequality follows from that d n (c) is decreasing as n. On 
the other hand, by Lemma [TU1 we have for each a G (0, 1), 



\w\<C'e^ na . 



wePl> 



Since a < a, we obtain result in the stretched case. 

For the exponential case, it suffices to take a = 1 in the stretched case. 
So we obtain all results claimed in Proposition. 
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5. The construction of the full markov map 

In this Section we will construct a full Markov map / and give its estimates 
based on the map F : J — » X constructed in previous section. Let J £ X 
be an arbitrary interval, P be the corresponding partition constructed in 
Section 4. 

Lemma 11. Let f G A\. There exists an open interval 0, around each 
critical point c that is contained in a minimal cycle X , an integer to and a 
constant £ > such that for every w G P, there exists an interval w C w 
with the following properties: 

(1) there exists an integer t < to such that fp( w ) +t maps w diffeomor- 
phismlly onto £1, 

(2) \w\ > £H, 

(3) both components of f p<yW \w\w) have length > 5'/3. 

Proof. By Theorem 1, the preimages of each critical point c G C c are dense 
in X. Then there exists a finite integer to > 1 such that X \ U*^ / _ *(c) 
contains no interval of length greater than 5' . Let x := f~ t (c) for some 

< t < to, we can choose w x be a maximal interval containing x such 
that w x diffeomorphismly onto a neighborhood Q of c and x in w x middle 
fifth. By adjusting the size of w x , we can make sure that they all map 
onto exactly the same critical neighborhood O and w x < <5'/10. Let w C 
w C P be the interval that is mapped onto w x by fP( w \ such a w exists 
by Proposition 2. Then the first and the third statement follow. Because 
Jp( w ) h as bounded distortion on w by Lemma JUJ and the diffeomorphism 
/* (t < to) doesn't effect the distortion significantly, the second statement 
follows immediately. □ 

We have fixed Q, and let 5" = min{5'/3, |^|}- We shall define a full Markov 
map by the construction in Proposition 2 and Lemma [TT1 

Let / : $7 — > be defined as follows, Q be the associated partition of 17 
and R be the induced time function. For each element w in the partition 
P of £1, let w denote the subinterval given in Lemma [11] We put w into Q 
and define R(w) = p(w) + t. Then f(w) = f R ^ w \w) = f2 by Lemma [TO 
On the other hand, both components of f^ w \w)\f^ w \w) has size at least 
S'/3 (> 6"), we consider them as new starting intervals and carry out the 
construction in Section 4 and repeat the procedure as above. In this way, for 
each w £ Q, we can define an associated sequence before it has reached full 
return (i.e., 3n > 0,f n (w) = f2), write pi = p(x) andj5j + i(x) = p(f pl<yX \x)) , 

1 < i < s — 1, where s is the integer such that f s maps corresponding 
element containing x to reach full return. Then we have R(w) = p s (w) + t 
for s > 1, t < to- 
Next we collect some important results on the induced full Markov map 

and the return time estimates, they are important bounds used in Young 
[29]. 

Lemma 12. For each n < and each interval w G Q on which f n is 
continuous, the distortion of f n is uniformly bounded. 



Proof. It follows from the construction of / immediately. 



□ 
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Lemma 13. Let f E A\, f = f be the induced full Markov map defined 
above. Then we have following statements: 

Summable case: Under no conditions on d n (c), 

]T|{i?>n}| <oc. 

n 

Polynomial case: If d n (c) < Cn~ a , C > 0, a > 1 for all c £ C c and 
n > 1, then there exists C > such that 

\{R > n}\ < Cn- a . 

Stretched exponential case: If 7 n (c) < Ce~^ n " , C > 0, a G (0, 1), (3 > 
for all c E C c and n > 1, then for each a E (0, a) there exist f3, C > such 
that 

\{R > n}\ < Ce~P n& . 

Exponential case: If 7 n (c) < Ce~^ n , C > 0, /3 > for all c G C c and 
n > 1, then there exist f3, C > such that 

\{R > n}\ < Ce~P n . 

Proof. See the details of the proof of Proposition 4.1 in [3] □ 

For x,y 6 Q, we let separation time s(x,y) > be the least integer k 
such that f k {x) and f k {y) belong to different elements of Q. So s(x,y) = 
if x,y are in different component of Q, and s(x,y) > 1 if they belongs to 
the same component of Q. 

Lemma 14. There exist (3 6 (0, 1) and C > such that for all w 6 Q and 

all x,y £ w, we have 

\ £IM _ 1( < C gs(x,y) 
Df(y) '- 

Proof. See 0]. □ 

6. Proof of Theorem 2 and Theorem 3 

For / E Ai, we focus on a minimal cycle of /. Let it be X = U^/V), 
where m is the period of the minimal cycle X. In previous Section, we have 
constructed an induced full Markov map f R ( w ) on a neighborhood O of a 
critical point c E J. Then denote g =: A -1 o f m o A be a renormalization 
of /, where A is an affine transformation from interval M to J. We will 
apply results of Young [22] to study the statistical properties of g stated in 
Theorem 2. 

From the definition of g, g induces a Markov map G := A -1 o f o A on 
the interval Ao = A _1 (r2). Assume that the induced time of G about g is 
T(w), clearly T(w) = R(w)/m. 

To treat the statistical properties of g, we define a tower about g, 

A = {(x, k) E A x Z; < k < T(x)} 

consists of levels A n = {(x,k) E A;k = n}. We then define the map 
g : A A by 
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g(x,k) :-- 



(x, k + 1) if k + 1 < T(x), x G w, 
(6{x), 0) if k + 1 = T(x), x E w. 

Let a : A -> M by cr(x, /c) = g k (x), which is a semi-conjugacy between g 
and 5. So we can get the statistical properties of g from the properties of g. 

To study the structure of g, we define tt be a projection between A and 
Ao by 7r(x, /) = x, clearly irg = Gir. The powerful result of [29] relates the 
tower map g and the full induced Markov map G. 

We summarize Young's result from |29j as we need. Recall some notations 
from above, for a fixed j3 G (0, 1), let 

Cp = {<p : A -¥ R; 3C > 0,Vx,y G A, \0(x) - <p{y)\ < 

and 

Theorem 4. [29 Suppose that G : Ao — > Ao and g : A — > A defined as 
above. Let p n be a sequence of positive numbers related to the tail behavior 
as follows. If \{T > n}\ < n" Q , then p n = n l ~ a . If \{T > n}\ < e~^ n , then 
p n = n for some /3' < j3. If \{T > n}\ < e - ™" for some a G (0, 1), then 
p n = e~ n " for some a' < a. If 



.DG(x) 



1| < Cfi s{x ' y) 



DG(y) 

for any x,y G Ao, some (3 G (0, 1) and C > 0, and the induce time function 
T satisfies Y^ n |T > n| < oo ; 
then we have 

(1) A carries a g acip v and G Cp + , where be Lebsegue measure 

on the tower, (g, f>) is exact, hence ergodic and mixing. 

(2) For any pair of functions (p G L oc (A,m^) and tp G Cp, there exists 



C. 7 such that 



(ipog)4>d0- I (pdv I %pdu\ < C.^p n 



(3)If \{T > n}\ < 0(n a ) for some a > 2, then for any (p G Cp which 
is not a coboundary (<p ^ ij) o g — if)), the Central Limit Theorem holds, 
i.e., there exists a > such that YH=o & & converges to the normal 
distribution J\f(f (pdv, a). 

At first, Lemma [13] and Lemma [T5] imply that conditions in Young's 
Theorem hold. If we define a measure on M by p = o*v, i.e, p(B) = 
i>(a^ 1 (B)) for all measurable set B, we have 

p(g-HB)) = v{o-\g-\B))) = ^(^(B))) 
= v{a-\B)) = p{B). 

So p is an invariant measure of g. Note that the reference measure 
defined by m^(A) = ^ fc>0 m(7r(j4n A^,)) for all measurable set A £ A. Let 
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Ik = °"(Z\fc), for any Borel set B £ M, there exists a constant C > such 
that 



H(B) =v{a- 1 {B)) < Cm A (<7 -1 (.B)) = m{ir(a~ l (B) n A*)) 

/c>0 

< C^ro(5fl4) = Cm(B), 



fe>0 

where the last inequality follows from the bounded distortion of cr(since g l 
has bounded distortion for each uu G A and i < T(w)). So fi is an acip of g. 
On the other hand, because a has bounded distortion, 

d\x do* v 
dm dm 

from above theorem. Then the support is equal to the entire interval M, 
which in turn implies that \i is the unique acip for g on M. According 
Theorem 1, if / max > 1 for all c in the cycle X, we obtains that -A- 6 L T for 
all < t < 



In 



^max 1 

We also obtain that (g,fi) is exact. Indeed, if there are sets 
B ,Bi,...,Bj C M such that n(Bj) G (0,1) and B = g^ j (Bj) for all 
integer j > 0, then let Aj = a~ 1 (Bj), 0(Aj) G (0, 1), therefore 

g- j (Aj) = g-^o-^Bj)) = a^g'^Bj) = o-\Bo) = A , 

which contradicts to the first statement of Young's Theorem. 

We shall consider the decay of correlations of (g,fJ>)- Let ip,ip : M — >• R 
be two Holder continuous function so that there exist C > and a G (0, 1) 

\tp(x{) - <p(x 2 )\ < C\xi - x 2 \ a , 

for all x±,X2 G M. Let = ip o a, then if x, y G Ao with s(x,y) > 1, we 
have for < k < T(x) = T(y) 

\0(x, k) - 0(y, k)\ = \<po g k (x) -<pog k (y)\< C\g k (x) - g k (y)\ a 

<C\f(x)-f(y)\ a <C(n s(x ' y \ 

thus a-H61der continuous observables on M correspond to observables in 
Cp x for [3\ = f3 a , where f3 is the constant in Lemma [Til 

Since fi = <7*z>, = ip o a and = if) o a, we have the following relations 
J 0di> = J ipdfi, J ipdu = J ipd/j, and 

(ip o g n )il>dfi — J (pdfj, J tf)dfi\ = \ J (0 o g n )^)dv — J 0dv J ^)dv\. 

Thus the decay of correlations of g follows from the second statement of the 
Young's Theorem. 
Similarly, because 

j n— 1 « j n— 1 „ 

^{xGM;(— ^^(x))- / G/} =1 >{y G A; (— J>(^(y))- / 0<fl>) G /}, 

applying the third statement of Young's Theorem, we obtain the Central 
Limit Theorem for the Holder continuous observable if. Therefore, we have 
finished the proof of Theorem 2. 
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For / G A2, we concentrated on the dynamics of (/, J*). In previous 
sections, we have constructed an induced full Markov map f R ( w ^ on a neigh- 
borhood $7 of a critical point c £ J* . Let k be the greatest common devisor 
of all values taken by the function R(w), then we can obtain Theorem 3 by 
using Young's results and the above argument similarly. 
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